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Abstract 
An electrohydrodynamic traveling-wave induct ion i n t e r a c t i o n  
i s  shown t o  pump s l i g h t l y  conducting l i q u i d s  ( e l e c t r i c a l  conducti-  
v i t i e s  t o  (n - m j l  ) without e l ec t r i ca l  contac t  with the  8 
f low.  A gradien t  i n  f l u i d  conduct ivi ty  perpendicular t o  the  d i r ec -  
t i o n  of  flow i s  required.  Here, t h i s  i s  provided by a l i q u i d  i n t e r -  
f a c e ,  which i s  exposed t o  a t rave l ing  p o t e n t i a l  wave imposed by 
means of a segmented e l ec t rode  p a r a l l e l  t o  the i n t e r f a c e .  Induced 
charges r e l a x  through the  l i q u i d  t o  form a traveling-wave of su r -  
face-charge on the  i n t e r f a c e  which l ags  the  wave of image surface-  
charges on the  e l ec t rode .  Hence, a time-average e l e c t r i c a l  su r -  
f a c e - t r a c t i o n  is  produced tending t o  make the  f l u i d  move with t h e  
traveling-wave. Expressions for  the  f i e l d s ,  t he  t i m e  average 
e l ec t r i c  t r a c t i o n  and the  f l u i d  v e l o c i t y  ( i n  plane flow) are der ived 
and discussed.  Experiments i l l u s t r a t e  the  v a l i d i t y  of these 
equat ions ,  and tend t o  support  t he  model used f o r  the  i n t e r f a c i a l  
conduction process.  
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AN ELECTROHYDRODYNAJ4IC INDUCTION PUMP 
James R. Melcher 
Department of Electrical  Engineering 
-Massachuset ts  I n s t i t u t e  of Technology 
Cambridge, Massachusetts 
I .  Introduct ion 
Electrohydrodynamic pumping of l i q u i d s  and gases by means of 
ion drag e f f e c t s  has received considerable a t t e n t i o n  i n  the  l i t e r a -  
t u r e .  (lS2) These e f f e c t s ,  which can also be used t o  generate  elec- 
t r i c a l  power, ( 3 9 4 )  t ake  advantage of t he  drag produced when a carrier 
of e lec t r ica l  charge i s  introduced i n t o  a h ighly  i n s u l a t i n g  f l u i d .  
Devices incorporat ing ion-drag e f f e c t s  r equ i r e  t h a t  e l e c t r i c a l  con- . 
t ac t  be made with the  working f l u i d  t o  implement the  t r a n s f e r  of 
charge.  In  t h i s  sense ,  they can be r e f e r r e d  t o  as conduction type 
dev ices ,  i n  t h a t  they are analogous t o  conduction magnetohydro- 
dynamic pumps and genera tors .  (5) 
Another class of magnetic f i e l d  devices makes use  of  induced 
c u r r e n t s  t o  produce an electromechanical i n t e r a c t i o n .  These induc- 
t i o n  machines are the  most common r o t a t i n g  device ,  ( 6 )  and have been 
( 7 , W  widely s tud ied  as magnetohydrodynamic pumps and generators  
An electrohydrodynamic pump i s  descr ibed here which makes use  
of  induced charges t o  produce the b a s i c  electromechanical i n t e r -  
ac t ion .  Like i t s  magnetic analogue, i t  has  t h e  advantage t h a t  no 
e l ec t r i ca l  con tac t  with the  moving f l u i d  is  r equ i r ed ,  with no '  
fo re ign  p a r t i c l e s  o r  c a r r i e r s  introduced i n t o  the  f l u i d .  
S t u e t z e r  (') has shown the  usefulness of using electromechanical 
e f f e c t s  t o  s tudy ion-drag conduction processes.  Induction pump- 
, 
This  study has  b a s i c ,  as w e l l  as prac t ica1 , impl ica t ion .  
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ing provides a means of studying n a t u r a l  conduction processes ,  i n  
p a r t i c u l a r  as they occur i n  the  absence of e l e c t r o d e - l i q u i d  con- 
tacts ,  and as they are modeled a t  a f r e e  l iqu id-gas  i n t e r f a c e .  
The induct ion pumping r e s u l t s  when a wave of imposed p o t e n t i a l  
t r a v e l s  i n  the  d i r e c t i o n  of flow and perpendicular  t o  a g rad ien t  
i n  f l u i d  conduct iv i ty .  Here t h i s  g rad ien t  e x i s t s  a t  t he  i n t e r -  
face of a s l i g h t l y  conducting l i q u i d  and a i r ,  as shown i n  Fig.  1. 
For purposes of d i scuss ion ,  (and later experiments) the  l i q u i d  i s  
shown r e s t i n g  on a highly conducting p l a t e ,  al though t h i s  p l a t e  
could j u s t  as w e l l  be in su la t ing .  The t r a v e l i n g  p o t e n t i a l  wave 
i s  imposed by means of a segmented e l ec t rode  p a r a l l e l  t o  t he  i n t e r -  
f ace .  Induced charges r e l a x  through the  l i q u i d  t o  form a t r a v e l -  
ing-wave of su r face  charge on the  i n t e r f a c e ,  and t h i s  wave of charge 
l a g s  t h e  wave of image surface-charge on t h e  e l ec t rode .  Hence, a 
time-average e l e c t r i c a l  su r f ace - t r ac t ion  i s  produced tending t o  
make the  f l u i d  move with the  t r a v e l i n g  wave. Two po in t s  are 
e s s e n t i a l :  t he  . bulk charge is  zero  (even though t h e r e  are con- 
duc t ion  c u r r e n t s  wi th in  the volume of t he  f l u i d )  and the  net. s u r f a c e  
charge on the  i n t e r f a c e  i s  zero. In  the  simple f r ee - su r face  s i t u a -  
t i o n  cons idered ,  a l l  of the  electromechanics occurs a t  t he  i n t e r -  
face  where t h e r e  i s  a s i n g u l a r i t y  i n  the  g rad ien t  of the  conducti-  
v i t y .  
conduc t iv i ty  everywhere. 
I I , ,  where the  t h e o r e t i c a l  model i s  introduced. I n  Sec t ion  II,, 
express ions  f o r  t he  f i e l d s ,  the t i m e  average e l e c t r i c  t r a c t i o n  and 
t h e  f l u i d  v e l o c i t y  are derived and discussed.  
experiments i l l u s t r a t e  the  v a l i d i t y  of these  equat ions ,  and tend 
There w i l l  be no i n t e r a c t i o n  i f  the  f l u i d  i s  of uniform 
These po in t s  w i l l  be discussed i n  Sect ion 
In  Sect ion 111, I 
bo suppor t  t h e  model used f o r  t he  i n t e r f a c i a l  conduction process .  
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11. Theoretical Model 
Electric Fields and Charge Relaxation 
The electric field E will be considered irrotational; since 
._ 
there are no large currents which would give rise to a significant 
magnetic induction. Hence, 
v x E = o  (1) 
V*€Z = q 
where q is the free-charge density and E is the permittivity. 
Conservation of free charge requires that 
The conduction process that gives rise to the free current 7 is 
most commonly represented by ohms law, which attributes a constant 
conductivity 0 to the material. Hence, in a frame moving with the - 
fluid 5' '= DE'. Galilean transformations for J' and E' to a fixed 
(unprimed) frame are 7- = J - q; and E' = E (implied by Eqs. (1) , 
(2) and (3 )  ). It follows that the appropriate form of ohms law 
for the moving fluid i s  
- 
This constitutive law implies that unless net free-charge i s  sup- 
plied t o  the fluid, the charge density q in the bulk of the fluid 
will decay. To see this, suppose that the fluid is incompressible. 
Then Eqs. ( 2 ) ,  (3)  and ( 4 )  combine to become 
= o  
aq - + p q + ;.vq 
, at E ( 5 )  
. 
. ?  I 
* .  
.. -4-  
This equation i s  s a t i s f i e d  i f  t he  charge dens i ty  decays LO q = 0. 
The e f f e c t  of the  v e l o c i t y  on the  charge r e l a x a t i o n  i s  apparent  i f  
plane flow is  considered;as an example, so t h a t  t = vx(y) . Then, 
i t  follows from Eq.  (5) t h a t  an i n i t i a l  charge dens i ty  q (x,y) 
w i l l  subsequently be given by 
0 
The convection r e d i s t r i b u t e s  the charge but does not  a l t e r  the  
r e l a x a t i o n  t i m e  E / O  f o r  the  decay of the  charge dens i ty .  
t i o n . i s  given here  t o  s inusoida l  s t eady- s t a t e  phenomena, and so 
t he  charge dens i ty  q i n  the  bulk of t he  f l u i d  i s  taken as zero.  
Considera- 
Of course,  there  is  a charge on t h e  l i q u i d  i n t e r f a c e  and t h i s  
f a c t  is accounted ' f o r  i n  the  boundary condi t ions.  These are,, 
uE = (9) 
on t h e  i n t e r f a c e  a t  y = 0. The f irst  and second of these  condi t ions  
ar ise  from the  in t eg ra t ion  of Eqs. (1) and (2) across  the  i n t e r -  
face, while  the  t h i r d  r e s u l t s  from an i n t e g r a t i o n  of Eqs. (3) and 
(4) a c r o s s  t h e  in t e r f ace .  Here, Q i s  t h e  sur face  charge d e n s i t y ,  
and it has been assumed t h a t  f l u i d  a t  the  i n t e r f a c e  moves i n  the  
x d i r e c t i o n  and is bounded from above by a nonconducting gas.  It 
i s  s i g n i f i c a n t  a l s o  t h a t  Eq.  (9) does no t  include the  p o s s i b i l i t y  
t h a t  a n  apprec iab le  conduction of  charge (due t o  a su r face  don- 
duc t iv i ty" )  occurs within the  i n t e r f a c e .  The only su r face  cur-  
r e n t s  i n  t h i s  model arise from t h e  convection of f r e e  su r face  charge. 
I t  
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Two a d d i t i o n a l  boundary condi t ions on the  e l e c t r i c  f i e l d  a r i s e  
from the  p o t e n t i a l  wave a t  y = d and the p e r f e c t l y  conducting p l a t e  
a t  y = - a .  
E = O ; y = - a  
X 
Traveling-Wave Solut ions 
The e l e c t r i c a l  equat ions a r e  l i n e a r ,  and hence it  is  reason- 
a b l e  t o  look f o r  t r ave l ing  e l e c t r i c  f i e l d  so lu t ions  by assuming . 
t h a t  E = Re E(y) exp j (at-kx) . 
so l u  t ion 
Then, Eqs . (1) and (2) have the  
A - 
E = -V rRe 8 (y) exp j (wt-kx)]  
4 = - (A -cash ky + B s inh ky)/k 
both above and below the  l i qu id  i n t e r f a c e .  To des igna te  the so lu-  
t i o n  above the  i n t e r f a c e ,  the cons tan ts  A and B w i l l  be c a l l e d  A 
and BU. 
U 
S imi la r ly  the constants  below the  i n t e r f a c e  a r e  A and B 
These four  cons tan ts  a r e  determined by the  four  boundary condi- 
a a .  
t i o n s .  Two of these a r i s e  because of t he  c o n s t r a i n t s  placed on the  
p o t e n t i a l  a t  y = d (Eq. 10) 
A cosh kd + B s i n h  kd = - k^ v 
U U 
and a t  y = -a (Eq. 11). 
A p o s h  ka - B Q  s inh  ka = 0 
. I  
1 
I .- -6- 
A t h i r d  condi t ion  follows from Eq. (7)  
A = A ,  
U 
while  E q s .  (8) and (9) combine t o  g ive  the  l as t  cond i t ion ,  
E B - , (E -  jS) = 0 
U 
0 
Here, U i s  the  x component of  the f l u i d  ve loc i ty  taken as cons tan t  
i n  t i m e  and evaluated a t  the  i n t e r f a c e .  The e lec t r ic  f i e l d s  both 
above and below the  i n t e r f a c e  are now known as a func t ion  of the  
i n t e r f a c e  v e l o c i t y  U and the  amplitude V of the imposed p o t e n t i a l  
wave. 
A 
The Electric Surface Shear 
The e lec t r ic  f o r c e  dens i ty  i n  a d i e l e c t r i c  l i q u i d  arises from 
1 2  (10) f r e e  charges (&) and from po la r i za t ion  charges (- 2 E VE). 
I t  has  a l r eady  been concluded that the simple Ohm’s l a w  conduction 
model used he re  r equ i r e s  that  the f i r s t  of these  only e x i s t s  as a 
t r a n s i e n t .  So long as t h e  p e r m i t t i v i t y  does no t  vary wi th in  the  
l i q u i d ,  i t  i s  clear that  the po la r i za t ion  force  dens i ty  i n  the 
bulk i s  also zero.  That i s ,  t he re  are no e l e c t r i c a l  fo rces  
i n  t h e  bulk of t h e  l i q u i d .  A l l  of the electromechanical  coupling 
occurs  at? the  i n t e r f a c e ,  where there are both f r e e -  and po la r i za -  
t ion-charges .  
-7- 
Motions of the  l i q u i d  i n  the  x d i r e c t i o n  r e s u l t  because the re  
is a n e t  shear ing t r a c t i o n  on the  i n t e r f a c e  which can be computed 
by i n t e g r a t i n g  the  f r e e  charge and p o l a r i z a t i o n  force  d e n s i t i e s  
a c r o s s  t h e  i n t e r f a c e  (where they are s i n g u l a r ) .  This is most con- 
ven ien t ly  done by expressing the t o t a l  e lectr ic  fo rce  dens i ty  as 
0 . T  , where the  stress t enso r  T is (11) - 
ij 
1 2 T = E E E  - - - 6  E E  
i j  i 3  2 is 
It follows t h a t  the  n e t  fo rce  p e r  u n i t  area i n  the  x direct i .on on 
a s e c t i o n  of the  i n t e r f a c e  is 
a u  = (E  EUi - EE ) E  
X O Y  Y X  
T 
I t 
where the  f i ,e lda a r e  evaluated j u s t  above and below the  i n t e r f a c e .  
The surfface force  is the  product of s inuso ida l ly  varying elec- 
t r i c  f i e l d s .  Hence, i t  has two components; one cons tan t  and t h e  
o t h e r  varying a t  twice the  frequency cu of the  imposed t r a v e l i n g  
wave. 
w i l l  be ignored,  with i n t e r e s t  confined t o  the  e f f e c t  of  the  time 
average shear ing  fo rce  e 
The e f f e c t  of the  pulsa t ing  p a r t  of t h e  e l e c t r i c  t r a c t i o n  
From Eq.. : (18) , t h i s  is 
h ' *  
where i n d i c a t e s  the  complex conjugate.  Because Ex(0) = - j A  and 
k (0) -= B ,  t h e  ' t i m e  average surface.  t r a c t i o n  i s  
Y 
1 k2 6 $* tanh ka S 
< T x > = ?  E 2 
(tanh ka cosh kd + E s i n h  kd)* +(S s i n h  kd) 
. '0 
- 1  
* .  
; . . -8- 
Several  l i m i t i n g  cases  serve  t o  i l l u s t r a t e  t h e  phys ica l  na tu re  of 
the  r e l a x a t i o n  process which is  respons ib le  f o r  t h i s  shear ing  t r a c -  
t i o n .  Note t h a t  if the  conduct ivi ty  0 is  very l a r g e ,  so  tha t  charges 
can r e l a x  instantaneously from one po in t  on the  i n t e r f a c e  t o  
ano the r ,  t he re  is  no shear .  In t h i s  l i m i t  t he  e l e c t r i c  f i e l d  i s  
perpendicular  t o  the  i n t e r f a c e  and the re fo re  e x e r t s  no force  i n  the  
x d i r e c t i o n .  S imi l a r ly ,  i f  the conduct iv i ty  is  too small so t h a t  
no charges r e l a x  t o  the  i n t e r f a c e ,  the  shear  i s  small. This i l l u s -  
t rates t h a t  t he re  can be no sur face  fo rce  on an i n t e r f a c e  t h a t  does 
not  support  free-charge.  F ina l ly ,  i f  the  phase v e l o c i t y  w/k of 
the t r a v e l i n g  wave of e l e c t r i c  f i e l d  i s  equal  t o  the  v e l o c i t y  U of 
the  f l u i d  a t  the  i n t e r f a c e ,  there  i s  no shear .  Pumping w i l l  take 
p lace  only i f  t h e r e  is  a s l i p  between the  t r a v e l i n g  wave and the  
f l u i d .  These are a l l  c h a r a c t e r i s t i c s  of induct ion type e l e c t r o -  
mechanical devices .  
The simple mechanism responsible  f o r  t h e  su r face  t r a c t i o n  of 
Eq. (29) i s  apparent from p l o t s  pf t he  t r a v e l i n g  f i e l d s ,  as shown 
i n  F ig .  2 .  Here, the  d i s t r i b u t i o n  of p o t e n t i a l  r e s u l t i n g  from the  
imposed p o t e n t i a l  wave on the  e l e c t r o d e ,  i s  shown i n  Fig.  2a a t  an 
instant .  i n  time. The f i e l d s  t r a v e l  t o  the  r i g h t ,  with charges 
induced on the  e l ec t rode  sur face  leading su r face  charges of oppo- 
s i t e  p o l a r i t y  on the  i n t e r f a c e  ( i n t e r f a c e  charges l a g  because they 
r e q u i r e  t i m e  t o  r e l a x  t o  the  i n t e r f a c e ) .  
e l e c t r i c  f i e l d  i n t e n s i t y  are sketched i n  Fig.  2b. Here the  e l e c -  
t r i c  f i e l d  is skewed s o  as t o  produce a n e t  shear ing t r a c t i o n  on 
The r e s u l t i n g  l i n e s  of 
t h e  i n t e r f a c e .  
The induct ion mechanism does not  depend on t h e r e  being a con- 
duc t ing  p l a t e  a t  y= -a, as shown i n  Fig.  1. 
t h e  f i e l d  p l o t s  of F ig .  2 ,  where the  l i m i t  of k a y w  
i n d i c a t e  how the l i n e s  of e lectr ic  f i e l d  i n t e n s i t y  r e t u r n  t o  t h e  
This is i l l u s t r a t e d  by 
is shown t o  
..- -9- 
i n t e r f a c e  when the  d i s t ance  t o  the bottom i s  l a r g e  compared t o  the 
wavelength 2~r/k.  
i n s u l a t i n g ,  with the  shape of  the p o t e n t i a l  d i s t r i b u t i o n  d i s t o r t e d  
by the  condi t ion  t h a t  no cur ren t  flow through the  i n s u l a t i n g  bottom. 
A similar e f f e c t  i s  obtained i f  the  bottom i s  
F lu id  Motions 
The f l u i d  motions computed here  are based on the  e f f e c t  of t h e  
time average t r a c t i o n .  It i s  assumed t h a t  t he  f l u i d  cannot respond 
t o  components of the  t r a c t i o n  a t  twice the  frequency of t he  imposed 
t r a v e l i n g  poten tpa l  wave. This is  an extremely good approximation 
unless  t he  e l e c t r i c  f i e l d  p a r t i c i p a t e s  paramet r ica l ly  i n  the  i n s t a -  
b i l i t y  of t h e  i q t e r f a c e .  I n  experiments of t h e  type discussed i n  
Sec. 111, s t a b i l i t y  of t he  i n t e r f a c e  imposes an  important l i m i t a -  
t i o n  on t h e  e lectr ic  pressure  t h a t  can be used f o r  pumping. There 
i s  a threshold  f o r  i n s t a b i l i t y  i n  a d-c e lec t r ic  f i e l d  
r e p r e s e n t s  an upper bound on the u s e f u l  e lectr ic  p res su re  at high 
frequencies  (14). 
t h i s  l i m i t a t i o n  even more s t r i n g e n t ,  (I5) and it i s  i n  t h i s  regard 
t h a t  t he  pu l sa t ing  component of t he  e l e c t r i c  t r a c t i o n  becomes s i g q i -  
f i c a n t .  
nex t  s e c t i o n .  
(12,13) t h a t  
A t  low frequencies parametr ic  e f f e c t s  can make 
An i n d i c a t i o n  of these l i m i t a t i o n s  w i l l  be given i n  the  
Because t h e r e  are no e l e c t r i c a l  fo rces  i n  the  bulk of t he  f l u i d ,  
t h e  w e l l  known so lu t ions  f o r  laminar flow can be used t o  descr ibe  
t h e  f l u i d  motions. The t i m e  average e l e c t r i c  t r a c t i o n  simply plays 
t h e  role  of a boundary condi t ion ( t h a t  depends on the  f l u i d  ve lo-  
c i t y ) .  A s  an example, t he  experiments of t h e  nex t  s e c t i o n  w i l l  be 
conducted on a r e e n t r a n t  channel, so t h a t  t h e r e  w i l l  be no longi -  
t u d i n a l  g rad ien t  i n  t h e  pressure.  
(a )  is small compared t o  the  z dimension of t h e  appara tus ,  the  velo- 
Then, assuming t h a t  t he  depth 
- 10- 
c i t y  p r o f i l e  i s  a l i n e a r  funct ion of y and is  given by 
v = U(l + 1) 
X a 
It follows t h a t  the  viscous shear  a t  the  i n t e r f a c e  is 
avx NU T = b - e -  
XY aY a 
where i s  the  v i s c o s i t y .  
The balance of e lectr ic  (time average) shear  and mechanical shear  
a t  t he  i n t e r f a c e  r equ i r e s  that 
2 A * n  
a k V 'V e tanh ka S 1 0 u = -  
2 b(s inh  kd) [ ( t anh  ka co th  kd + -) + S ] 2 E 2  2 
(23)  
E 
0 
which f o r  a given va lue  of S can be regarded as the  requi red  expres- 
s i o n  f o r  the  f l u i d  v e l d c i t y  U a t  the  i n t e r f a c e .  The l a r g e s t  value 
of U occurs when 
E 
E 
S = tanh ka co th  kd + - 
0 
i n  which case Eq. (23) becomes, 
k V V '  e tanh ka 
2 
2 A A* 
a 0 u = -  
4cL ( s i n h  kd) ( tanh ka co th  kd + >) 
0 
That is, the  maximum v e l o c i t y  U i s  independent of t he  conduct iv i ty  
and frequency. Once i t  is evaluated from t h i s  expression,  t h e  
v a l u e  of S follows from Eq. (24) and t h i s  i n  t u r n  f i x e s  the  poss ib l e  
v a l u e s  of conduct iv i ty  and frequency. 
-11- 
Note that theoretically, the fluid can be propelled by the 
traveling field at a velocity given by Eq. (25) even if the con- 
ductivity approaches zero. 
traveling wave in a nearly enough synchronous condition with the 
moving fluid that the optimum value of S is maintained. In this 
limit the pump becomes analogous to other electromechanical devices 
It is simply necessary to provide a 
referred to as 1 1  synchronous" machines. The closest magnetic 
analogue is a rotating machine with a perfectly conducting (perhaps 
superconducting) (16) rotor, which very nearly conserves a magnetic 
flux. Here, the surface charge is very nearly conserved, and as 
with other "synchronous" devices, unless the traveling wave fre- 
quency is adjusted as the fluid is set into motion, the time average 
traction with the fluid stationary is very small (Eq. 20). To 
accrue a significant free surface-charge, the fluid must be 
nearly synchronous with the traveling potential wave so as to 
experience a potential fkequency which is OR the order o€'a 
reciprocal relaxation time. 
. -12- 
111. An Experimental Pump 
The Apparatus 
An experiment t o  demonstrate t he  phys ica l  phenomena of e l e c t r o -  
hydrodynamic induct ion pumping is shown i n  Fig.  3. The f l u i d  i s  
contained wi th in  a*-entrant  channel having i n s u l a t i n g  walls and a, 
conducting bottom. Segmented e lec t rodes  are then pos i t ioned  j u s t  
above the  f r e e  su r face  of t he  l i q u i d  as shown. The segments are 
connected ind iv idua l ly  t o  segments of a commutator r i n g ,  with i n t e r -  
connected d i v i d e r  r e s i s t o r s .  The cons tan t  p o t e n t i a l s  5 V are 
then connected tq graph i t e  commutator con tac t s  through s l i p  r i n g s .  
These con tac t s  are mounted on a bar  which r o t a t e s  with the  angular  
frequency a. A t  a given angular p o s i t i o n ,  the  d i v i d e r  r e s i s t o r s  
provide a p o t e n t i a l  d i s t r i b u t i o n  on the  segments which varies 
l i n e a r l y  from a beak p o s i t i v e  amplitude V t o  a peak negat ive 
amplitude -V (ha l f  way around the  channel) and back t o  the  poten- 
01 
t i a l  V . 
t i a l  wave. This' r a t h e r  complicated means of ob ta in ing  a t r a v e l i n g  
wave w a s  used to'make a wave frequency t h a t  could be va r i ed  from 
zero  t o  about s i x  cps ,  while using a r e l a t i v e l y  simple e l e c t r o d e  
s t r u c t u r e  involving eqtb-area segments. More p r a c t i c a l  f u l l y  elect-  
r i ca l  schemes' f o r  making the  t r ave l ing  wave w i l l  be discussed.  
0 
' 1  0 
Rotat ion of the  commutator bar g ives  a t r a v e l i n g  poten- 
0 
I 
The vol tage  waveform, taken from one of t he  segments, i s  shown 
i n  F ig .  4. The commutator switching i s  respons ib le  f o r  the  high- 
frequency r i p p l e s  i n  the  vol tage.  I n  the  experiments which fol low,  
only the component of t h i s  wave form a t  t h e  fundamental frequency 
is  s i g n i f i c a n t .  
t o  have an amplitude 0.66V0, where Vo i s  the  peak vo l t age  of the 
This component is  found (by numerical i n t e g r a t i o n )  
almost t r i angu la r "  wave, shown i n  Fig.  4. I t  
-13- 
The mean circumference of  the  channel L w a s  0.886 m . ,  w i t h  
the  e l ec t rode  composed of 40 segments having the  width of the  chan- 
n e l  (5 .1  cm.) i n  the  x (azimuthal) d i r e c t i o n .  The f l u i d  (Monsanto 
Aroclor 1232, E = 5 . 7  and CY lo” (n -m)-l ranged i n  depth from 
0 . 5  t o  4 cm and the  e l e c t r o d e  i n t e r f a c e  spacing d v a r i e d  from 0.5  
t o  2 cm. 
Frequency and Voltage Dependence 
Experiments weneconducted t o  compare the  dependence of  t h e  
f l u i d  v e l o c i t y  U as given by Eq. (23) on the  appl ied  p o t e n t i a l  V 
and the  frequency a. Under the  optimum condi t ions represented  by 
Eq.  (24) t he  t r a v e l i n g  wave of p o t e n t i a l  had a much l a r g e r  v e l o c i t y  
than t h a t  of t he  f l u i d ,  and hence, S = a/o E . Then, Eq. (23) n o t  
only shows t h a t ,  a t  a given frequency, U should be p ropor t iona l  t o  
the  square of the  peak p o t e n t i a l  V 
U should have the  frequency dependence 
0 
0 
but  that at a given p o t e n t i a l ,  
0 ’  
Af u =  3 
B + f‘ 
where A and B are cons tan ts .  
The measured dependence on V of the  f l u i d  v e l o c i t y  U i s  *shown i n  
Fig.  5, where the  s o l i d  l i n e  i s  t h e  quadra t i c  func t ion  of V pre-  
d i c t e d  by Eq. (232. The t h e o r e t i c a l  curve has been sca l ed  t o  pass 
through t h e  8 kv. d a t a  po in t s .  A discuss ion  of theory and)expe r i -  
ment i n  p r e d i c t i n g  the  absolu te  flow v e l o c i t y  is i n  t he  next  sec- 
t i o n .  
0 
0 
The experimental  v e l o c i t y  U is shown tie a func t ion  of frequency 
. .  
i n  F ig .  6 .  Here, the  s o l i d  l i n e  has the  freqpency dependence of 
Eq. (26) ,  again  normalized t o  f i t  the  da ta .  This d a t a  c l e a r l y  demon- 
- 14- 
strates the  optimum t r a v e l i n g  wave condi t ion  given by Eq .  ( 2 4 ) .  
The v e l o c i t i e s  U i n  both F igs .  5 and 6 w e r e  measured by observing 
g r a i n s  of p l a s t i c  (having a densi ty  s l i g h t l y  l e s s  than t h a t  of 
t he  l i q u i d )  f l o a t i n g  i n  the  in t e r f ace .  
The conduction process i n  s l i g h t l y  conducting l i q u i d s  i s  o f t e n  
dependent on the  experimental  h i s t o r y  of the  f l u i d .  
hour of pumping under conditions of cons tan t  frequency and app l i ed  
v o l t a g e ,  measurements of t he  type shown i n  Figs .  5 and 6 were found 
t o  d r i f t .  However, a f t e r  about 2 hours ,  i t  w a s  found t h a t  t he  
experiments w e r e  reproducible .  A s  an example, i n  Fig.  5 ,  the  mul t i -  
p l e  d a t a  po in t s  ( a t  a given V ) w e r e  taken i n  consecutive runs up 
and down the  curve (over a period of two hour s ) ,  with no t r end  
observed i n  the  d a t a  taken a t  a given vol tage .  
In  t h e  f i r s t  
0 
I 
I '  
The upper l i m i t  i n  vo l tage ,  shown i n  Fig.  5 ,  is  imposed by 
the  s t a b i l i t y  of the  in t e r f ace .  A t  lower frequencies than about 
2 c p s ,  t h i s  l i m i t a t i o n  is more s t r i n g e n t  because t h e  s i n u s o i d a l l y  
vary ing  e lectr ic  t r a c t i o n  leads t o  a parametr ic  i n s t a b i l i t y  of the  
i n t e r f a c e .  I n  t h i s  case, small o s c i l l a t i o n s  on the f l u i d  i n t e r -  
face  are 
u n t i l  :he l i q u i d  i n t e r f a c e  begins t o  make contac t  with the  elec- 
t rode .  A t  h igher  frequencies than about 2 cps ,  the  impending i n s t a -  
b i l i t y  appeared very much as observed i n  o the r  experiments us ing  
I 
I t  pumped up'' i n  synchronism with the  su r face  t r a c t i o n ,  
d-c app l i ed  v o l t a g e s ,  (17) w i t h  t h e  i n t e r f a c e  d e f l e c t i o n  increas-  
i ng ,mon i ton ica l ly  wi th  t i m e  u n t i l  spikes were formed on t h e  i n t e r -  
face .  
-15- 
Optimum Velocity 
A q u a n t i t a t i v e  comparison of t he  pred ic ted  and experimental  
magnitude of the  optimum v e l o c i t y  w a s  c a r r i e d  o u t  using a t h i n  
l a y e r  of f l u i d  (a  = 0.75 e m  ). This t h i n  l aye r  w a s  used t o  make 
the  a spec t  r a t i o  (channel width/a) as l a rge  as poss ib l e  i n  accor- 
dance with t h e  assumptions f o r  the  f l u i d  flow. 
In  the  theory of Sec. 11, it is  implied t h a t  t he  e l ec t rode  
i n t e r f a c e  spacing i s  l a r g e  enough compared t o  the  x dimension of 
t he  segments (16 mm) t o  make the imposed p o t e n t i a l  a t  t h e  i n t e r -  
face  appear e s s e n t i a l l y  s inuso ida l  i n  space. Fig.  7 shows the  
measured dependence of the  optimum v e l o c i t y  U on the  e l ec t rode -  
i n t e r f a c e  spacing d with the  electric f i e l d  Vo/d he ld  cons tan t .  
Under these  condi t ions the  t h e o r e t i c a l l y  p red ic t ed  optimum velo-  
c i t y  a l s o  has a dependence on d ,  as can be seen by tak ing  the  
(appropr ia te )  l i m i t  of Eqe (25) where kd < (1 and ka < (1. Then, 
U 
a 2 E  0 k(V/d)2 
4 p (  1 
0 
d E  
The t h e o r e t i c a l  curve i n  Fig.  7 is  p red ic t ed  by Eq. (27) with 
6 V = 0.66V and V /d  = 10 v / m .  As would be expected, the  agreement 
of theory and experiment improves as the  spacirg (d) becomes on the  
0 0 
orde r  of t he  segment dimension of 16 mm. Here, the  f l u i d  v i s c o s i t y  
-2 2 w a s  1 . 7  x 10 N-sec/m . The accuracy of t he  theory i n  p r e d i c t i n g  
the  experimental  v e l o c i t y  U a t  d = 16 mm is  b e t t e r  than would be 
expected from the  experimental c o n t r o l  over such parameters as the  
v o l t a g e  V o ,  t he  spacing d and the  v i s c o s i t y ,  and it appears t h a t  
t h e  d a t a  are approaching a somewhat higher  asymptotic va lue  than 
i n d i c a t e d  by theory.  A t  l a r g e r  spacings,  f r ing ing  of t he  e l e c t r o d e  
. .  . 
1 , . -  -16- 
fields becomes significant. In any case, electrical break-down 
in the traveling-wave mechanism limited the range of d that could 
be investigated at this electric field. 
At a spacing of 16 nun, the frequency which gave the largest 
velocity was 3 . 4  cps, and from Eq. (24)  it follows that the fluid 
conductivity was about 1.2 x 10-'[fl-m]'! 
apparent conductivity of a new sample of fluid measured using a 
conductivity cell under essentially the conditions used in the 
Pump 
This is about twice the 
IV. Conclusions and Observations 
It is clear that the simple theory of induction pumping pre- 
sented here is highly successful in predicting the dynamics of at 
least the on@ fluid used in the experiments. It appears from the 
theory that the electromechanical mechanism that has been demonstra- 
ted can be used with a wide range of liquids. 
the conductiSity is very small, the liquid can be pumped synchron- 
ously, with the practical limitation that the fluid be set into 
motion in synchronism with the traveling potential wave. .To 
establish a sinusoidal distribution of static surface charge before 
In the limit where 
the potential wave begins to travel would require about an hour 
with ac10 -15( -m) . This value of the conductivity seems to 
be a practical lower bound. The pumping of fluids having a con- 
ductivity greater than that used here also appears feasible. In 
this extreme, short relaxation times require that high frequency 
traveling waves be used. 
induction effects eventually become important, and the electrohy- 
drodynamic model introduced with Eq. (1) becomes invalid. An 
estimate of the highest conductivity of a liquid that can be moti- 
vated electrohydrodynamically is obtained by requiring that (for 
-1 
As the frequency is raised, magnetic 
. .  . 
I .  
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example) a device one meter long be 1/10' 
wavelength at the frequency of the potential wave. That is, a 
30 Mc/sec traveling wave can be used in such a device with no 
appreciable effect from magnetic induction. Then, for the elec- 
tric induction interaction, w e / a  % 1, and it follows that fluids 
having a conductivity less than about l oo5  (n-m)-' can be 
induction pumped using the electrohydrodynamic scheme described 
here. 
electric induction, and use still larger conductivities. 
of an (electromagnetic) 
Of course, it is possible to use a hybred magnetic and 
The pumping mechanism does not require that there be a free 
surface. For example , a transverse gradient in conductivity could 
be produced in a closed insulating conduit by cooling one of the 
walls. In this case, .free charges would be induced by the tra- 
veling potential wave in the bulk of the liquid. This interaction 
is now under investigation. 
For flexibility, a mechanical commutator was used here to 
make a traveling potential wave. In practice, two or three phase 
generators could be used to make a traveling wave by superimposing 
out-of-phase standing waves. Of course , this would necessitate 
using electrode segments of varying widths. However, the only 
mechanical motion in the resulting device would be that due to the 
f luid e 
An attractive application of the induction process is not only 
to the pumping of liquids, but also to the measurement of fluid 
flow. Here, the fact that the induction process requires no 
electrical contact with the fluid is also a distinct advantage. 
Work concerned with electrohydrodynamic induction flow-meters will 
be reported. 
-18- 
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Figure 1. Cross-sec t iona l  view of pump, showing a s l i g h t l y  con- 
duct ing l i q u i d  of depth (a)  r e s t i n g  on a r i g i d  conducting plate .  
The i n t e r f a c e  ( a t  y = 0) is  exposed t o  a t r a v e l i n g  p o t e n t i a l  wave 
imposed by a segmented e l ec t rode  a t  y = d. 
su r face  charge is  induced on the  i n t e r f a c e .  
A t r a v e l i n g  wave of 
Figure 2.  Cross-sect ional  view of the  segmented e l ec t rode  with the  
imposed p o t e n t i a l  wave v = Re V exp j (a t -kx) .  
i t  i s  assumed t h a t  E / E  
t e n t i a l  l i n e s  and n e t  sur face  charges induced on the  e l ec t rode  and 
on the  l i q u i d  su r face .  Note t h a t  charges on the  i n t e r f a c e  l ag  t h e i r  
images on the e l ec t rode .  b) Lines of e l e c t r i c  f i e l d  i n t e n s i t y ,  
showing a n e t  sur face  t r a c t i o n  in  the  x d i r e c t i o n .  
A 
For these  sketches 
= 1, S = 1, kd = 0.5  and k a - + m  e a )  Equipo- 
0 
Figure 3. The experimental apparatus ,  showing both the  pump and 
t h e  mechanism for making the  t r ave l ing  p o t e n t i a l  wave. The s l i g h t l y  
conducting l i q u i d  i s  contained i n  a channel having i n s u l a t i n g  w a l l s  
and a conducting bottom. Segmented e l ec t rodes  j u s t  above the  i n t e r -  
face  are connected t o  d-c voltage sources through d iv ide r  r e s i s t o r s  
s o  t h a t  t he re  i s  a saw-tooth" d i s t r i b u t i o n  of p o t e n t i a l  around the  
channel. This d i s t r i b u t i o n  is  made t o  travel by r o t a t i n g  the  com- 
mutator bar  a t  the  frequency w. 
S I  
Figure 4. The vo l t age ,  as a funct ion of t ime, recorded on one of 
t h e  segments shown i n  Fig.  3. High-frequency components of the  
wave-form a r e  due t o  commutator sparking. The fundamental com- 
ponent i s  8.66V0, where V is  the peak vol tage.  
0 
Figure  5. The l i q u i d  v e l o c i t y  U ( a t  the  channel cen te r )  as a func- 
t i o n  of the  peak e l ec t rode  p o t e n t i a l  Vo. 
t h e o r e t i c a l  quadra t i c  dependence on Vo and i s  normalized t o  the  
8 kv d a t a  poin t .  
The s o l i d  curve has the  
The da ta  w a s  taken up and down the  curve over a 
. *  L . 
, - .  Figure Captions (cont . )  
I t  period of two hours a f t e r  t he  l i q u i d  had been 
hours .  (The f l u i d  w a s  Monsanto Aryclor -1232, with d = 1 cm.,  a = 3 . 5  
cm and f = 2 cps . ) .  
aged" f o r  about t w o  
Figure 6 .  Liquid v e l o c i t y  U as a funct ion of the  p o t e n t i a l  f r e -  
quency f .  Because the  t r ave l ing  wave v e l o c i t y  w a s  considerably 
g r e a t e r  than U ,  the  d a t a  should take the  form of the  s o l i d  l i n e ,  
as p red ic t ed  by Eq .  (26) normalized t o  pass  through the  peak velo- 
c i t y  po in t .  Experimental condi t ions a r e  as i n  Fig.  5. 
Fipure 7 .  
face  spacing d ,  wi th  Vo/d held f ixed .  
t i ca l .  The da ta  shows how the  degrading e f f e c t  of the f i n i t e  seg- 
ment s i z e  (16 mm) diminishes as t h e  e l ec t rode - in t e r f ace  spacing 
inc reases .  
Absolute v e l o c i t y  U as a funct ion of the  e l e c t r o d e - i n t e r -  
The solid l ine  is  theore- 
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Slightly conducting liquid 1 '  
I 
- F i g u r e  3.  The exper imenta l  a p p a r a t u s ,  showing both t h e  pump and 
t h e  mechanism f u r  making t h e  t r a v e l i n g  p o t e n t i a l  wave. The s l i g h t l y  
coiidticting l i q u i d  i s  con ta ined  i n  a channel  having  i n s u l a t i n g  w a l l s  
and a condi3cting bottom. Segmented e l e c t r o d e s  j u s t  above t h e  i n t e r -  
face a re  connected t o  d-c  v o l t a g e  sou rces  through d i v i d e r  r e s i s t o r s  
so  c h a t  t h e r e  a i s  a saw-tooth" d i s t r i b u t i o n  of p o t e n t i a l  around t h e  
charanel. This  d i s t r i b u t i o n  i s  made t o  t rave l  by r o t a t i n g  t h e  corn- 
muta to r  bar  a t  t h e  frequency u. 
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Figure 4 .  
the eegmcnts shown in Fig. 3 .  High-frequency components of the 
wave-form are due t o  commutator sparking. The fundamental com- 
ponent i s  0.66V0, where V 
The vol tage ,  a s  a function of t i m e ,  recorded on one of 
i s  the peak voltage.  
0 
V, - kv 
-- Fixure  5 .  The l iquid ve loc i ty  U (at  the channel center) a s  a f u n c -  
t ion  of  the ?eak electrode potential Vo. 
theorzt ica l  quadratic dependence on V and i s  normalized to  the 
8 kv data point. 
period of two hours after the l iquid had been 
hGur8. (The f l u i d  w a s  Monsanto Aryclor -1232, with d = 1 cm a = 3 . 5  
c m  and f - 2 cps.). 
The s o l i d  curve has thc  
0 
The data was taken up and __ down __ the curve over a 
aged" for about two 11 
2 
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cm /sec 
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* *  r i ~ u r e  6 ,  Liquid ve loc i ty  U cs a function of the potential  fre- 
quency f .  Because the traveling wave velocity1 was considerably 
greater than U ,  the data should take the formof the solid l i n e ,  
as predicted by E q .  (26)  normalized t o  pass through I the peak velo- 
city point.  Experimental conditions are as {n Fig .  5 .  
4 
3 
u 
mm /sec 
2 
+ 
I 
0 
0 
0 
I I I I I 1 I I I 
0 2 4 6 8 IO 12 14 16 18 20 
d-mm 
-c FiAure 7 .  Absolute ve loc i ty  U a s  a function of t h c  e lectrode-inter-  
' fnce spacing d ,  with Vo/d held f ixed.  The s o l i d  l ine  is  theore- 
t i c a l .  The data shows how the degrading e f f e c t  of the f i n i t e  seg- 
wept s i z e  (16 mi) diminishes as the electrode-interface spacing 
increases. 
